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SUMMARY 
The heat transfer results for laminar free convection on a right 
vertical circular cylinder with uniform surface heat flux were determined 
analytically. These results apply to a vertical cylinder of small enough 
radius that the effect of curvature on the heat transfer must be con-
sidered. 
The boundary-layer equations and boundary conditions were expressed 
in cylindrical coordinates. An exact solution of the boundary-layer equa-
tions could not be found and the approximate method of Karman and Pohl-
hausen was used. This method involves writing the velocity and temperature 
profiles as polynomials whose coefficients are determined from the boundary 
conditions, and integrating the boundary-layer equations over the boundary-
layer thickness. Introducing the velocity and temperature profiles into 
the integrated form of the boundary-layer equations and applying the 
boundary conditions resulted in a pair of ordinary coupled non-linear 
differential equations. These equations were solved by a laborious series 
technique for the Prandtl number range of 0.01 to 1,000. For the Prandtl 
number greater than. 100 a closed form solution, that did not depend on 
the convergence of a series, was obtained. 
The heat transfer results were presented as curves for values of 
the Prandtl number equal to 0, 0.1, 1, 10 and for Prandtl number greater 
than 100. Using these curves, if the properties of the fluid and the 
surface heat flux are known, the following can be found: 
vii 
1. Local Nusselt number 
2. Average Nusselt number 
3. Surface temperature 
k. Boundary-layer thickness 
The results demonstrate readily how the laminar free-convection 
heat transfer results for a vertical cylinder with uniform surface heat 
flux differ from a vertical flat plate with uniform surface heat flux 
due to the effect of curvature. When items 1 to h (as stated a"bove) are 
compared to a vertical flat plate, under the condition that the surface 
heat flux and vertical height are the same, there was shown to "be up to 
an 11 per cent difference for the range of the solution. 
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NOMENCLATURE 
a - radius of cylinder, ft 
2 
A - area, ft 
A - coefficients of powers of x expressing u , u , u p 
B - coefficients of powers of x expressing 8 , 8.,, and 8p 
D .- diameter of cylinder, ft 
g - acceleration due to gravity, ft/sec 
o 
h - local heat transfer coefficient, Btu/sec ft °F 
h - average heat transfer coefficient, ^- , Btu/sec ft °F 
9 w 
k 
* f ĝ q.x G - modified Grashof number, I ^ 
rx X Kv 
/ RD 30 G - Grashof number, V a — p — 
rx v 
"K - thermal conductivity, Btu/sec ft °F 
n - index for terms in series, dimensionless 
L - vei'tical length, ft 
fV 
Nu - Nusselt number based, on xl-r-X \ K 
— I hx 
Nu - average Nusselt number I rr-
Pr - Prandtl number 
r 
q - local heat-transfer rate per unit area, Btu/sec ft£ 
Q - heat transfer rate, Btu/sec 
r - co-ordinate measuring radial distance from cylinder 
axis, ft 
t ..- static temperature, °F 
t - ambient temperature, °F 
t - vail temperature, °F 
w • * ' 
u - velocity in x direction, ft/sec 
v - velocity in r direction, ft/sec 
x - co-ordinate measuring longitudinal distance along 
cylinder, ft 
y - distance from surface of cylinder, r - a, ft 
? / 
OC - thermal diffusivity, ft "/sec 
OC , oc f ... - coefficient of x .expressing A,, A , ... 
P-- coefficient of thermal expansion, °F 
5.., 5p, ... - coefficient of x expressing B.., B , ... 
6 - temperature excess, t - t , °F 
Q - temperature excess of wall, t - t , °F 
w • ' w e' 
0 - average temperature excess of wall, °F 
2 , 
V - kinematic viscosity, ft "/sec 
5 - "boundary layer thickness,, ft 
0 - dimensionless independent variahle 
1 
2 B >4l 
o D J 
0 - dimensionless independent variable 
JL 
1 
2 B ^ o D
Subscripts 
cyl - cylinder 
"fp - flat plate 
w - vail 
Dimensionless Terms 
















If an object.is placed in a fluid that is at a higher or a lower 
temperature than it is, free-convection heat transfer occurs. The 
resulting heat transfer causes a temperature difference within the fluid, 
which results in a change in density of the fluid layers in the vicinity 
of the surface; and consequently, due to buoyancy, there is a fluid flow. 
As in other fluid flows, free-convection can be either laminar or turbu-
lent depending on the fluid properties, the body force, distance from 
leading edge, etc. Although free convection is commonly considered as 
an effect of the gravitational field of the earth, many recent develop-
ments have caused interest in free convection where gravity is not the 
only consideration, and effects such as those caused by electric, mag-
netic, and centrifugal forces must also be considered. 
The mechanism of free-convection heat transfer has been the sub-
ject of considerable experimental and analytical work. The solutions for 
the free-convection boundary-layer equations for the vertical flat plate 
have been generally established, but up to 1955 very few analytical results 
had been published for the vertical cylinder. Some experimental correla-
tions had been published but in general they were quite limited. As free-
convection solutions for the flat plate were refined it became increasingly 
more important to know to what degree the curvature of a cylinder would 
affect these results. 
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In 1955 Sparrow and Gregg [l] were able to obtain an approximate 
solution for the boundary-layer equations for a vertical cylinder with 
uniform surface temperature. A disadvantage of this solution was that it 
had to be carried out for each value of Prandtl number. LeFevre and 
Ede [2] were able to obtain a solution for the same case using the Karman-
Pohlhausen integral method which could be evaluated directly for any value 
of the Prandtl number. 
Hama and Recesso [3] were concerned with the case in which the 
boundary-layer thickness was greater than the radius of the cylinder and 
used a modified form of the Karman-Pohlhausen integral method. The solu-
tion obtained was for Prandtl numbers greater than 0..72* 
The only available exact solution of the boundary-layer equations 
for a cylinder was obtained by Millsaps and Pohlhausen [h] for the case 
of linear surface temperature variation. 
Sparrow [5] obtained a solution for laminar free convection on a 
vertical flat plate with uniform surface heat flux using the Karman-
Pohlhausen integral, method. Then Sparrow and Gregg [6] obtained an exact 
solution of the boundary-layer equations for the same case,, which verified 
the previous results obtained by using the Karman-Pohlhausen integral 
method. 
The object of the present work,is to obtain an analytical expres-
sion for the heat transfer parameters associated with laminar free convec-
tion on a vertical cylinder with uniform surface heat flux. 




The geometric shape under consideration is a right circular 
vertical cylinder with small enough radius that curvature effects must 
be considered. Following Sparrow and Gregg [l] the two physical models 
that come within the scope of this analysis are presented in Figure 1. 












Fluid to Wall 
Figure 1. Diagram of Heated Surface Showing 
Coordinate System and Notations 
In the left-hand sketch, the fluid in the neighborhood of the wall 
has a higher temperature and a lower density than the fluid further from 
the wall (this applies to ordinary fluids which decrease in density as 
temperature increases)„ Thus, due to buoyancy, the fluid in the neighbor-
hood of the wall will flow up. The region where this upward flow occurs 
k 
is called the velocity boundary layer for free convection. The thermal 
"boundary layer is defined as the region where the temperature deviates 
from the ambient temperature. In practice the thermal "boundary-layer 
thickness and the velocity "boundary-layer thickness are defined somewhat 
ar'bitrarily since the exact solution of the boundary equations results 
in velocity and temperature profiles that are asymptotic. Thus the thermal 
boundary layer thickness can be, defined as a point where the temperature 
of the fluid is arbitrarily close to the ambient temperature, and in a 
similar manner the velocity boundary-layer thickness is defined at a 
point where the velocity away from the wall is arbitrarily close to zero. 
Both of these boundary layers will be assumed to have zero thickness at 
the leading edge. 
In the right-hand sketch the temperature in the neighborhood of 
the wall is,lower, and the resulting flow will be down. If the coordinate 
system of Figure 1 is used, the heat transfer results can be applied 
equally well to either case. 
The steady state partial differential equations for laminar free 
convection in a boundary layer on a vertical cylinder as stated by Sparrow 
and Gregg [l] are 
Conservation of Mass 
Mal..+ M2I = 0 (1) 
dx c)r v ' 
Conservation of Momentum 
du , oil Q/4. 4. \ V d / du.\ (2) 
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Conservation of Energy 
^ ,. at a^ / dtv /0N 
ox or v or or' 
Following the usual practice in free convection, all fluid properties 
vill he taken as constant except density, which will he considered a 
variable, in formulating the buoyancy term, g(3(t-t ). Viscous dissipa-
tion and work against the gravity field will be neglected. 
It would be desirable to obtain an exact solution for the above 
equations. According to Yang [7] the only exact solutions that have been 
obtained for these equations were derived by using the technique of simi-
larity solution. The technique consists of finding a suitable transfor-
mation that will reduce the partial differential equations to a set of 
ordinary differential equations, and then the resulting equations with 
the boundary conditions can be solved numerically. The only available 
similarity solution for a vertical cylinder was published by Millsaps and 
Pohlhausen [h]. An unsuccessful attempt was made to find a "suitable 
transformation" for the vertical cylinder with uniform surface heat flux. 
Thus it will be necessary to make certain simplifying assumptions in order 
to employ another method of solution. 
Following Eckert and Drake [8] it will be assumed that the boundary-
layer thickness for velocity and temperature have the same value. This 
assumption has been justified several times for laminar free convection on 
vertical surfaces. In pai-ticular, Eckert and'Dfc-ake [9] showed that for 
the case of a vertical plate with unlfonm surface temperature the agreement 
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"between solutions by H. B. Squire, using this assumption, and an exact 
solution by S. Ostrach was good in the Prandtl number range of 0.01 to 
1,000. Sparrow and Gregg [l] demonstrated that results obtained by using 
this assumption were in good agreement with their exact solution for a 
vertical flat plate with uniform surface heat flux. LeFevre and Ede [2] 
made this assumption which led to results that were in good agreement 
with the more exact solution of Sparrow and Gregg [l] and experimental 
data for the vertical cylinder with uniform surface temperature. 
Following LeFevre and Ede [2] equations (2) and (3) when inte-
grated across the boundary-layer thickness, take the following form: 
• Conservation of Momentum 
a+S a+S 
-=— / u rdr = gP / 0(x, r)rdr (2a) 
A, du - av T - < 
dr / 
r=a 
Conservation of Energy 
a+S 
i j 6(x,r)urdr = - aPf §2 ) (3a) 
r 
a r=a 
The corresponding boundary conditions are 
l d9(xja) _ cj_ 
dr " " K 
7 
2. 0(x,a) = &\{x) 
3- u(x, a) = 0 
* k. e(x,b) = 0 
5- u(x,B) = 0 
6. 8(0) = 0 
7. u(0,r) = 0 
The more convenient dimensionless form of equations (2a) and (3a) 
as developed in Appendix A is: 
Conservation of Momentum 
6 6 
^-/^(y+Daj? = ̂ /e(x,:r)(l+y)dy - ̂ ) (2b) 
d* o V o 3? y=0 
^ Conservation of Energy 
. ©.. 
*- /V*. r)u(l+y)dy = - 2 M^l). ) (3b) 
** o v . » y=o 
The Karman-Pohlhausen integral method, which involves writing 
temperature and velocity profiles as polynomials in y whose coefficients 
are functions of x, will be used. By using this method, the differential 
equations of boundary layer flow are satisfied only in the average and 
over the boundary-layer thickness. An exact solution, if available. 
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would satisfy the "boundary conditions for every individual fluid particle. 
The expressions of the velocity and temperature profiles as polynomials 
• in y have "been verified "by Eckert and Drake [9] from the exact solution 
for these profiles for the flat plate "by E. Schmidt and E. Pohlhausen. 
The form of the coefficients are arrived at from the "boundary conditions. 
It was mentioned that the technique of similarity solution led to 
an exact solution of the "boundary-layer equations,, In order to use this 
method, similar velocity and temperature profiles must exist, i.e., a 
velocity profile (or temperature profile) at any position x along the 
laminar region has the same shape and differs only "by a scale factor 
from any other velocity profile (or temperature profile) in the laminar 
region. When these conditions exist, the use of a polynomial profile 
would approximate the situation along the entire surface and the results 
obtained using such profiles have "been in good agreement with the exact 
solutions. In particular, for laminar free convection, Sparrow and Gregg 
[6] showed that the results ohtained using these profiles were in good 
agreement with their exact solution for the vertical flat plate with uni-
form heat flux. However, for the cases where the technique of similar 
solution has not "been applied it has "been necessary to assume similar 
profiles and then proceed with the Karman-Pohlhausen integral method. 
Experimental justification of the assumption would he necessary. This 
was done "by LeFevre and Ede [2] for the vertical cylinder with uniform 
surface temperature and the results were shown to agree with the less 
approximate solution of Sparrow and Gregg [l], which did not make this 
assumption, and with the available experimental data. 
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From H. B. Squire as presented hy Eckert [10] 
u(x,y) = u*(xg[l-2]" W 
5l 5 
e{x,j) = e (x)(i-J) (5) 
By inspection, equeition (k) can he seen to satisfy the houndary condi-
tions three and five. Similarly, equation (5) satisfies houndary con-
ditions two and four. Since in the statement of the prohlem 5 and u were 
to he zero at the leading edge, i.e., houndary conditions six and seven, 
it will he necessary to define 
u*(0) = 0 
By houndary condition one 
he q = constant = - K *r-
y ' y=o 
and hy introducing first derivative of the temperature profile 
q = - K 6w(x) 2(l-f)(- i) 
y=0 
2K 6 (x) w 
or 
= ̂  (6) V 2E 
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Substitution of equations (k),.(5) and (6) in the integrated form 
of the dimensionless expression for conservation of momentum, equation 
(2"b)> results in 
dx 





.(1.+ y)dy = 
g$a-
v 
00.(1-2) (i + y)ay 
a( fu*(x) I [l 
N 5 L 
_ Z 
8 J " > 
dy J y*0 
Upon performing indicated operations and simplifying the expression 
for conservation of momentum "becomes 
1 d J~* 
B56" dx"1u 86 + 3 ? (2c) 
i gPqa, 
25 \ 2 N V K 
k S2 + 8 3 
In the same manner, substitution in the dimensionless expression 
for conversation of energy, equation (3̂ )» results in 
cL / *v \ y — / u (x,i *• 
dx J 6 
o 
1 - Z 
2 r- -|2 
y 0 (x) 1 - g . ( 1 + y)dy 
v L 5 J 
• • v ^ v W 
i - Z 
5 y=0 
Upon performing i n d i c a t e d ope ra t i ons and s impl i fy ing the express ion 
f o r conse rva t ion of energy becomes 
d 
dx 
-{ e v(x)u*(x)[L + | l ] } 
2 e (x) 
Pr 5 
Introducing equation (6) 
0 - 3S = SfiS 




'* • i i 
2K.. 
M w O 
L 30 105 
2 qa 
~ Pr2K 
or after simplifying 
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Equations (2c) and (3c) are a pair of ordinary coupled non-linear 
differential equations in 5 and u . 




Pr L "-2 ~3 
(3d) 
Now that the indicated integrations have "been performed the 
advantages of the dimensionless form have "been realized and from this 
point it will "be more convenient to work with dimensional terms. Thus 
equations (2c) and (3d) "become 
R
 d 
6 dx u 8ao + 35' (2e) 
= 3§j£a-| (,^.+ 6 ) 63 - 8̂ +0 aVu 
* V j a 1*20-ac 
u = 
Pr L 2 ^ 
^ 7a8 + 2&J 
(3e) 
The foregoing analysis and formulation has led to a pair of coupled 
non-linear simultaneous equations, (2e) and (3e) in two unknown functions 
of x. 5 and u . 
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CHAPTER III 
SERIES SOLUTION.OF BOUNDARY-LAYER EQUATIONS 
Following the method that vas used successfully by LeFevre and 
Ede [3], it vill be assumed that a pair of series vith the radius, a, 
as parameters of the form 
61 6P 
5 = 5 + — + - ! + , . . . ( T ) 
a a 
and 
u* = u +-± + -^+ . . . (8) 
o d 
a a 
can be vritten and that they converge. Equations (7) and (8) vill be 
introduced into the integrated expressions of conservation of momentum 
and conservation of energy. Terms will be grouped according to the power 
of a that multiplies them. 
Substituting the series-into.equations (2e) and (3e) gives 
2 
6.. 60 , f ' 2u u, 2u u0 + u, 
Ik 
oc A T o 38 2 5 n 38
 2 5 0 + 38 8 .
2 
35gg£ J ^ ( 5 3 _ ^ _ _ 1 + o 2 o l 
K I v o 2 
a a 
I, ^8 3 8 , 
U l U P 
- 840 av(u + + - | + . . ) ' 
s o 2 
a a 
and 
u l U P 
a a 
0 28 8n 28 8 0 + 8 " 
_ /„ 2 , o 1 , q 2 1 , \ 
7a(8 Q + + —^




+ 2(8 3 + — 2 _ J : . + . . . . ) o 
= ^ a 420 X 
After the indicated multiplications have "been performed, the terms 
are arranged in descending powers of a. The expression for conservation 
of momentum then takes the form 
88.. 1.(6 u 2 ) - ^ 3 j £ a B
 3
 + 8tovu o dx o o K o oj a
1
 + a (13) 
-1 
a + . . . = 0 
Similarly, the expression for conservation of energy takes the form 
u 8 




a + . = 0 (1*0 
In order for a"bove expressions to vanish identically for all values 
of radius, a, each of the brackets must be identically zero. The pair of 
15 
"brackets multiplying a to the first pover is a pair of simultaneous 
equations in 6 and u vhich were solved "by Sparrow [5] and were the 
result of a similar analysis as in Chapter II for a vertical flat plate 
with uniform heat flux.. Consequently 
u 
(v60s 72(4 + 5 Pr)Kv' 
Pr2g.Pq 
2 3 
5 1 5 
x (15) 
and 
72 (h + 5 Pr)kv* 
^ 2 Q Pr gPq 
1 1 
5/ (16) 
It will he convenient to define A and B .such that 
.0 o , 
u = A xy 
o o (15a) 
6 = B x" 
o o 
(16a) 
From manipulation of the coefficients of equations (15) and (l6) it is 
found that 
• o ~ K?r J' 2 
£5 
o 
The pair of equations corresponding to a to the zero power are 
16 
2u 8 3 + Iku 5 5, + 7un5
 2 = 0 
o o o o 1 1 o (17) 
and 
5 f- (:!5 2 u 2 + 86.. u 2 + 165 u u j 
o dx o o 1 o o o 1 
(18) 
+ 86n U&u
2) . i M a L ^ + 6 ! 
1 dxv o o ' K L o 1 o 
4- QkO vu = 0 
Assuming the form of u,, and 6., to "be 
P., 
u, = A, x (19) 
6l = B l x (20) 
Substitute equations (15a), (l6a) and the assumed form of u.. and 6_ into 
equations (17) and (l8). For equations (17) and (18) to "be valid for all x 
k 
Pl = 5 
and 
1 " 5 
Using the relations for A and B in equation (17) yields 
o o 
A = vv6°^ '
1 ^ 3 6 + 175 Prv 
1 " vPr Jl 15 v152 + I75 P r ; J B (21) 
IT 
Using the expressions for A , A,, and B the expression for B.. is 
found to be 
* 372 + 525 Pr 2 , , 
\ - - 28(158 4- 175 Pr) Bo ( 2 2 ) 
For convenience defining 
An = A a_ B 1 o 1 o 
and 
Bl - '1 Bo 2 
vhere 
o . l (i3^ + 179 ̂ ) (23) 
1 15 ̂ 1,52 + 175 Pr; w ; 
(372 + 525 Pr) 
71 = " 28(152 + 175 Pr) ^2 } 
The solving for .A., and B involved time-consuming algebra, vhich 
vas only an indication of the laborious algebra required to obtain B?. 
The equations corresponding to a to the minus one pover are 
l U 5 &V+ 7 u S,2 + 6 u 5 2 5 . + ik un6 5n (25) 
0 0 2 ' o 1 o o , l 1 o 1 K ' 
+ 2 u 1 6




+ 16 u un5 •+ 8 u_
2B. f + '6. f- 18u \ , o 2 o 1 o J 2 dx L o o 
+ 6. — 1 8 u 25 n + 3 u.
2o 2 + 16 u u.6 
1 dx I o 1 o o .o 1 o 
. ^ a { w 3 6 o
2 6 2 + 3 8 o B l
2 ) + te0\} 
- 840 aVu 
Continuing as before by assuming 
u 2 = A 2 x 
*9 
S 2 = B 2 x -
For equations (25) and (26) to-be valid for all x 
P 2 = 1 
S - 2 
2 ~ 5 
18 
6 £- 8 u 5. + 6 u 5 6n + 16 u u_8- + 6 u u. 5 (26) 
o dx I o 2 o o l o i l o l o 
~ir ii 
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Using the known expressions for A , B , A and B the expression 
for B was found after considerable algebraic manipulation to be 
2 - Tas rnsTO 1
7i (-2 '8 7 i " ̂  • l 6 a i } (27) 
90 
+ a x ^ + 72 o^) 
- Prf 7^(280 7 + 130 +. l t o a ). 4- 20 0^ 
For convenience defining 
B2 " 72 V 
where 
7o = T W T i r s y i ^ - 2 ^ 7 ! - ^ - ^ ^ (28) 
+ « 1 ( ^ . + 72 ^ j 
- Pr 71(28o 7 + 130 + lto a ). + 20 a_ 
Now the first terms of the series for the boundary-layer thickness 
6 have been determined to be as follows 
1 - • -
5" i? ic 
6 = B 3T-+ B. - + B. ̂ 77 + . . . 




It was disappointing at this point to note that it was not possible to 
recognize a recurrence relationship for B . As will be demonstrated, 
there seems to be little Justification for undertaking.the massive algebra 
that will be necessary to obtain B and any of the succeeding terms. 
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CHAPTER FOUR 
HEAT TRANSFER RESULTS 
The definition of the local heat transfer coefficient is 
h s-S.-i-
x A9 9 
V V 
But by equation (6) 





and the local Nusselt number is 
h x _ 
TVT X 2 X 
N ux = — " 8" 
Using equation (29) Nu can be written as 
Nu 2X-
x 2 ^ 
CYL 1 | ^ 
B x? + Bn — .+ .B- ^5 + O 1 2 2 
a a 







• B ' a B \ a / 
o o 
(29.1) 




72(4 + 5.Pr)Kv I5 5 2 x 




9 w- 2K: 
fp 
__o 5 





h x — 









B a B \ a / 
o o 






B.. x5 B_ x5 






















0, which w i l l "be t r e a t e d as the independent v a r i a b l e , i s def ined 
B XT) 
jT-12-V-} =2 72(4 + 5.Pr)KV' 2 If— 
Pr g£q x 
(35) 
Sparrow [5] used a modified Grashof number, which is independent of the 
temperature difference, defined as 
0 * = tfSLi. = o Nu r _, 2 r x 
x Kv x 
Using experimental data for a vertical flat plate with uniform 
• i * 
surface heat Sparrow and Gregg [6] showed that G had a lower limit of 
rx 
10 , below which the boundary layer equations do not apply, and an upper 
limit of 10 , above which the fluid flow would be in the transition region 
from laminar to turbulent flow. Since no experimental data are available 
2k 
for the cylindrical case, the same range will be assumed. Now the inde-




Using equation (36) and the prescribed limits in G the range of 
x 
for various values of Prandtl number has been tabulated in Table 1. 




fP _ 1 _L. ~ d ^ n, d2 = 1 + 71 $ + 72
 d + ... (37) 
The surface-temperature distribution can be found from the rela-
tion 
0 := a£ 
v 2K 
Thus 
1 I 2 
°v_- . lc{Bo^ + 2 D i r + ^ ^ + - (38) 
25 
which leads to 
k f Bi x Bo x L 
9 -SL-B x5 l f 2 ^ T a - ^ + . . . (39) 
WCYL 2 K ° L B o D B D2 
,o 
But from equation (31) 
w_ 2K 
fp 
q B ^ o 5 x 
thus 
9 
w CXL = i + y 0 + r 2 s2<
2
 + .. (to) 
v f p 
In a similar manner, the boundary-layer thickness at any point oh 
the cylinder surface expressed as a ratio to the flat plate "boundary-layer 
thickness is 
^ - = 1 + y f+ y f + ... (1H) 
fp ^ 
Three ratios of constant surface heat flux conditions for the flat 
plate results (as developed "by Sparrow [5]) to the cylindrical results 
have "been developed. The flat plate results of Sparrow have "been verified 
"by a more exact analysis and by experimental data. The values.of Nu , 
Xfp 
6 and 5 obtained by the Sparrow and Gregg solution [6] for the 
fp p 
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vertical flat plate with uniform surface heat flux have been verified; 
the most accurate method •would be to use these values in equations (37)> 
(ho), and (Ij-l). This approach would demonstrate clearly the departure 
of the flat plate results due to the cylindrical geometry. 
In accordance with the general practice of presenting heat transfer 
results, an expression for an average Nusselt number will be developed. 
The definition of the average Nusselt number is 
N u = r 
In order to define an average heat transfer coefficient, it will be 
necessary to define a temperature difference. There is not.an obvious 
characteristic temperature difference, but the most convenient one that 
would give a true representation would be the average temperature dif-
ference between x = 0 and x = L. Thus using the expression below to 
define ~Q w 
L L 
t - t = r = i / e dx = i T |a dx 
w e w LJ v • LJ 2K 
and by defining 
h^-S 
A e i r L * 
w 1 / oq 
L J 2K J -dX o 
leads to the re la t ion 
L^ x L 
NU = TT- = 
K K 





Substituting in the series for 5 and assuming that conditions are satis-
fied for termvise integration results in 
Nu 
2L2 
CYL s ^ 7 8 
5 , T5 ? , L
? 8 IS 
f B IT + £ B_ — + -- + 
• 5 o 5 l a 5 a , ! 
Rearranging and introducing the diameter,, D, 
• it 
= - 12 L5' 1 , , * 
N U C Y L = T r " § ^ 
o 1 j 
n 12 *1 I? ,
 B ^ L ' 
^ " B ^ B - ^ - - ^ . . . . 
o 
From Sparrow's solution [5] for the flat plate 
2:8 
Vfp 2 K 






r- 12 K 
h fP i 





*tp " 5 B Nu^ = ¥-£- (*3) 
o 
Nu f is the first factor on the right side of equation (k-2). Thus 
1 2 
Nu„ 12 B, L5 B 0 L
5 
_^E_ = ! + 1 ~ * + 3 o + • • • 
7 B* D 2 
and after substituting for B.. and B0 
HUCYL 
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Nov "by defining 
1 
equation (44) can "be written as 
Nu. 
Nu 
^ - . l + . f ^ + ̂ ^ V . . . (45) 
CYL 
Equation (45) compares the average Nusselt number for a cylinder of length 
L to that of a flat plate of the same length under the condition that q 
is the same for the flat plate and the cylinder. 
All of the results that have Tseen obtained thus far depend on the 
convergence of the series 
1 + 7X $ + 7 2 0 + ?3 </> + 
Unless a recurrent relation is.developed for the remaining terms nothing 
definite can "be concluded a"bout the convergence of this series. The 
terms that have Tseen found show all the properties necessary for con-
vergence . 
The range of y^ will "be investigated. For the extreme values of 
Prandtl number the values of 7, are 
l l m 7l . lim {- (372 + 525 Pr) I 
P r - 0 P r - > 0 28(152 + 175 Pr)
 J 
== - O.O873 
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and 
Lim 7 = - 0,,107 
Pr -* 00 
Now taking the first derivative of 7. with respect to Pr in order to test 
for the existence of a relative maximum or minimum 
d yl d f 372+525 Pr 1 
d Pr d Pr L " 28[l52 + 175 Prl J 
i_ ( (152 + 175 Pr) 525 -• (372 +.525 Pr);175 } 
2 8 1 (l 52 +17 5Pr)
2 { 
2 8 L(152 + 175 Pr) 2 J 
The first derivative is always less than zero and hence a relative 
maximum or relative minimum does not exist, and the maximum numerical 
value of 7, is for Prandtl. number approaching , infinity. 
In the same manner for OC 
lim a = - 0..111 
Pr -• 0 
and 
lim OC = - 0..0715 
Pr -> 00 
The first derivative of OC_ with respect to Prandtl. number is always greater 
than zero, hence there are no maximum or minimum values hetween the extreme 
points. The maximum numerical value of CH is for Prandtl number near zero. 
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The range of y can be demonstrated by various values of Prandtl 
number but no proof that j.t is monotonic vill be presented since the vork 
involved in obtaining the first derivative of y vith respect to Prandtl 









Thus it appears that the maximum value of 7 is.for the Prandtl number 
approaching.infinity. 
It vas pointed out at the end of the last chapter that it vas 
not practical to solve for 7 . But as vill be demonstrated in the next 
chapter, it is possible to make simplifying assumptions for the case of 
large Prandtl number . A result of solving equation (50) (as presented 
in the next chapter) in the same manner as equations (2e) and (3e) is.a 
value of 
7 = - 0.0121 
For the purposes of this analysis the term "large Prandtl number" 
vill refer to any Prandtl number greater than 100. 
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The series shows the encouraging trend of having alternating signs and 
the coefficients of 0 decrease as the powers of <fi increase. If these 
trends continue and if the restriction that 
0 < 1 
is imposed, convergence of the series is assured. 
A closed .form solution for large values of Prandtl.number, that 
does not depend on the convergence of a series, will "be presented in 
Chapter V. Thus it will "be possible to compare on Figure 2 the fore-
going, series solution with the closed form solution for large values of 
the Prandtl number. 
An important characteristic of a convergent alternating series is 
that the error after n terms is numerically less than the (n + l)st term. 
By postulating an alternating converging series and assuming 
72 = 0.0318 
"max 
the error due to truncation of the series for $ near unity is 
error < 72 <fi ---- 0.0318 
max 
From Figure 2 the worst case for convergence, i.e., that of 0 near one, 
the sum of the series for any Prandtl number is always greater than 0.89« 
•rt-
It should be pointed out that closeness of the curves for the 
range of the Prandtl number gives a false indication of the effect of the 
Prandtl number since the ordinate, <$, also is affected by Prandtl number. 
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Thus the error expressed as a percentage is 
error < ° Q ° S 6 x 100 = 3- &f> 
The 3«6 per cent error is actually a conservative estimate for the error 
of using only two terms of the series. In the foregoing solution, three 
terms of the series were used and the error would be less. 
It is interesting to note that the maximum values of y' and y 
occurred for large values of Prandtl number. Thus the smaller the Prandtl 
number the smaller the error for the same value of 0. Also, if it were 
possible to show that this trend continued, then the value of 7. obtained 
for the case of large Prandtl number would indicate that the error due to 
truncation for $ near unity would be less than 0.0121 or 
. 0.0121 _„ .• _ 
error < Q X 100 » 1. 
A simplified expression for the local Nusselt number can be arrived 
at by using a method similar to that employed by LeFevre and Ede [3] for 
the case of a vertical cylinder with uniform surface temperature. LeFevre 
and Ede were able to realize a considerable simplification by choosing to 
use only two terms of the series for the boundary-layer thickness, 6. 
They felt that the assumptions they had made did not justify using any 
more than two terms. 
Following LeFevre and Ede by using only two terms of series for 6 
2x 2x x' 
Nu = r- « ; — 
x 6 1 a 
B x5 + B. 
o 1 
3̂  





\f Bn X5 A 
B x 5 l l + / J o \ B a / o 
Expanding the denominator in a series and assuming that 
1 
5 Bn x 
B 
is small in comparison with unity. In the discussion of the convergence 
of the series 
1'+ y ^ + r20f + ... 
71 was shown to he no larger than 0.107 and 0 was restricted to values 
less than one. Thus 
B, x 
¥< " JTT" < °-107 
The local Nusselt number is approximated by 
o 5 2 Bn 
Nu
x - I




if only two terms of the series expansion are used. Substituting for B 
and B.. and introducing ..diameter, D, results in 
Nu = 2 
CYL 
2 '* 
Pr G. r x 
,72(4 + 5 Pr) 
X , :L ( 372 + 525 Pr 1 x (k) 
J + 7 1(152 + 175 Pr)J D W ; 
where G is the modified Grashof number defined by equation (35)* 
rx 
Rearranging into a form that can be more readily compared to the 
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72(4 + 5 Pr) 
Nu 
CYL 21_JBE > + 1J372 + .52? Pr 
.72(4 ̂  5 Pr)J 7 U52 + 175 Pr 
Pr G 
* 1~ 5 x 
? J D 
(48) 
A further rearrangement of equation (48) gives the following form that 





 1 [ \ ( ? 2 + 525?r)X(*^ 
128(152 + 175 Pr) J \ D 
and by equations (24) and (35) 
Nu 
_Ĵ __ 1 NU 1 -77? 
CYL 
36 
£R- = i — (49) 
The agreement between equation (49) and the more exact equation (37) can 
be seen from Figure 3» 
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CHAPTER V 
CLOSED FORM RESULTS FOR LARGE 
VALUES OF THE PRANDTL NUMBER 
In many cases the velocities in free convection are so small that 
the resulting inertia forces can be neglected relative to the viscous 
forces. Thus for certain values of the Prandtl number, the left side of 
equation (2e) could be neglected. Eckert and Drake [11] stated that for 
air (Pr = O.72). fair agreement was obtained by using this assumption. 
For larger values of the Prandtl number, the agreement would be better. 
For the limiting case of large values of the Prandtl number, the left 
side of equation (2e) goes to zero. Using this assumption, equation (2e) 
becomes 
32gga{ (I* + 5 ) 6
3 } - 8k) avu*= 0 
Substituting for u as expressed by equation (3e) results in the following 
expression in S and x 
35f£a { (fe + 6 ) 63} . 8to av -fe [ \
4 2 0 X
3 ] } (50) 
7ao + 28* 
By manipulation of terms, equation (50) becomes 
15/5. 2/5. 
.<§> +m^ *w 
1 1 
5 = H 6) D >r G (51) 
From equa t ion (36) 
*., 2 1 lS!i±JLPsi 
Pr G 
x 
and i f 
Pr G 
in the denominator is considered separately, then taking the limit for 
large values of the Prandtl number results in 
lim 0 
•D (Pr G ) D Pr -• 00 s x* 
x 




J^df + 5 Pr) V " 




6. kg® x 
. ,i D 
(Pr G Y 
It is interesting to note that for Pr = 10 
0 = 6.60 x 
(Pr G Y D 
x 
(52) 
and for Pr = 100 
39 
g . 6-496 1 
(Pr G- )' D 
\ r ' 
x 
Thus for large values of the Prandtl number, the right side of equation 
(5l) approaches the value of 0. Consequently, equation (51) can be 
written as 
5 6 7 " 
, 6 / 15/5N 2/5N' v 
for large values of the Prandtl number. As can be seen from equation (52), 
letting 0 equal the right side of equation (51) is a good assumption for 
values of the Prandtl number as small as ten. 
Pi 
For a particular value of — it is possible to find a corresponding 





— is expressed as a function of —. 
Recalling equation (30) 
i 1 
B = J 72(^ + 5 Pr)KV
2 I 5 ' x5 
ft " L Pr2 gPq J 
2 
and multiplying both sides by — results in 
ko 
P (*&} - o{ 72(fr •+ 5-Pr)Kv2 I 5 x 
2 V D ; - 2 \ *f^7>» 
5 fD 
Thus for a particular value of 0 a corresponding value of -=-° can "be 
found. 
Now from equation (32) 
Px 
Nu f£- 8 
*?P = J^E- = _ 2 _ (53) 
Nu 2x 6 W J ' 





Equation (53) is a closed form expression and unlike equation (37) 
does not depend on the convergence of a series. Equations (53) and (37) 
are plotted on Figure 2 for the case of large Prandtl number. The agree-
ment "between equations (53) and (37) is shown on Figure 2. This agree-
ment demonstrates the degree of accuracy of the truncated series for large 
values of Prandtl number and presents a further argument that the series 
of equation (37) converges. 
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CHAPTER VI 
CONCLUSION AND RECOMMENDATIONS 
An analysis of the laminar boundary layer equations, as they 
applied to free convection on a vertical cylinder with uniform surface 
heat flux, has been presented for 
5 * 11 




0.01 < Pr < 1000 
The heat transfer results obtained by the solution of these equations 
are presented as curves in Figures 2, 3> and k. 
At present a systematic set of experimental data and results has 
not been published for laminar free convection on a vertical cylinder 
vith uniform surface heat flux. Such experimental data vould be helpful 
in establishing the validity and range of the analytical solution. 
Further mathematical attacks on the differential equations vould 
be desirable in order to find a more exact solution. A numerical solu-
tion might be a possible sipproach, if a similarity transformation could 
be found. 
The case vhere the surface heat flux vas not uniform, but varied 
as some function of height, should be investigated in a manner similar 
te 
to Sparrow and Gregg [12] for a flat plate. Yang [7] shoved that it 
vould "be possible to obtain a similarity solution for a vertical cylinder 
vith surface heat flux that varies linearly vith x, "but unfortunately 





INTRODUCTION OF DIMENSIONLESS VARIABLES 
The integrated form of the expression for conservation of momen-
tum is 
a+5 a+5 
-r^J u rdr = gP J e(x,r)rd - av •— 
a a r = a 
The above expression will be made dimensionless by introduction of the 
dimensionless variables 










5 =: S 
Thus 
1+8 
P ~ ? 
1 d / /Vii\ " ~ ,~ 
/ v—) a r ad r 
,~ J N a a dx _ 
1+8 
y 0(x , r )a r adr - av ^ ^ : J~ 
., a £r r=l 
Introducing 
y = r - a 
or in nondimensional form 
~ «•• _ 
y = r - 1. 
results in a nondimensional form for the conservation of momenttun 
expression 
£ / u (y + l)dy 
a dx J 
o 
= gga2 f e(x,r)(l + y)dy - ̂  ^ J 
J
0
 a -ay/y-0 




—- I b i A , i y u i u i — - OKJ, >: y 
dx J ' or / r=a 
 ./. e (x r )urdr =  aa ^~ 
The ahove expression will he made dimensionless hy introduction of the 
dimensionless variahles. Thus 
l+S 
1 d / 
a dx _ 
/ \ V ~ ~ ~ 
0( x,, r) — u ar adr x ; a 
a or r=l 
Introducing 
y = r - 1 
results in a nondimensional form for the conservation of energy expression 
6 
±- fv e(x,r)(l + y)dy = - a ̂ ± d _ 
dx of 'y=0 
J 
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Equation (37) (Three Terms) 
Equation (48) (Two Terms) 
— — Equation (53) (Closed Form) 
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Figure 2t Comparison of the Four Expressions of the Heat 
I Transfer Results. Curves are for Large Values 
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Figure 3. Comparison of the Heat Transfer Results as Expressed 
by Equations (37) and (48). Curves are for Prandtl 
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Figure k. Comparison of Average Nusselt Number Ratio. Curves 
are for Prandtl Numbers of 0, 0.1, 1 and Pr > 10. 
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